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The n-th harmonic number H n is defined by 

n 



A well-known result of Wolstenholme [3] asserts that if p > 5 is prime, then 

Hp-! = (modp 2 ). (1) 
We define the (/-harmonic numbers by 



n 1 



H p -i(q) = — r— (1 - q) (mod \p] q ) 



3=1 - q 

where 

[n] q = (1 - q n )/(l - q ) = l + q + ... + q »~\ 

In view of the (/-analogue of Glaisher's congruence, Andrews ([1], Theorem 4) 
showed that 

p — 1 

y 

for any odd prime p. In the present paper, we will extend Andrews' result as follows. 
Theorem 1. Let p > 5 be a prime. Then 

Hp-lb) = - ff) + ^=p(l - 9) 2 M, (mod [p]J). (3) 

The following lemma is a g-analogue of the congruence 

P-i 1 

-^=0 (mod p) 

3 = 1 3 

for prime p > 5. 
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Lemma 2. For any prime p > 5, 

? Hf " ~^l2^ (1 ~~ ^ (mod Mg) 



and 

p-i 



1 ^_(P^5) (1 _ 9)2 (mod[pU , 



}3 b']~ 

Proof. Clearly 



5^i =(1_9)2 S( 13 ^' 



We set 

c(9) = |(i^- 

Let C = e 2nt / p . Since 

m=l 

in order to prove (4), we only need to show that 

p 2 - 1 

G(C) = - P -^- 
for m = 1, 2, ... ,p — 1. As p is prime, we have 



G(r) ^ (i - C^) 2 §(i-C') s 



G(0 



provided that 1 < m < p. Define 

p-i 



Observe that 

p-i 

Ec" = 

3 = 1 



p — 1 if p | fc, 

-1 ifpffc. 
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Thus when \z\ < 1, 

p— 1 oo 

3=1 k=0 
oo p— 1 



oo 



k=i k=i 

p 2 z p-l 1 



(1-zp) 2 (1-z) 2 ' 
Letting z — > 1 and using L'HospitaPs rule, we obtain that 

p 2 zP- 1 {l-z) 2 - (l- z r) 2 1-p 2 



G(C) = G(£ 1) = hm 



(1-zp) 2 (1-2) 2 12 

as desired. 
Finally, since 

^bl? bl? J=tbl« <3bir 

(5) immediately follows from (2) and (4). □ 
Proof of Theorem 1. 

ir P -i(g)-^(l-g) 



1-9 



V 1 _ Q k l_ Q p-k ) 



Then by (4) we have 



2 ^1-q* \-<p 

1 — 5 1 — q p 

— ^(1- 



(l-9)(l-9 p ) y 1 

2 ^(i-</ fc )(i-^- fc ) 

(l-g)(l-gP) ^ g fc 

9 ^ Cl - nk 



k = 



< (1 - q k )(q k - qP) 



(l-q)(l-q p )^ q k 



2 

''" _1 (l- 5 )(l-50) (mod [p©. 



24 



4 
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This concludes the proof of (3) . □ 
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